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Proper coverings of finite (especially simple) groups are discussed in general, 
with emphasis on determining the conjugacy classes of elements of the covering 
group. This is used to determine the conjugacy classes of elements of the 2-fold 
proper covering group d of the group G of the title. During this determination it is 
proved that G must have a pair of complex conjugate characters of degree 28 with 
values in Z[i], the ring of Gaussian integers. A brief general discussion is given of 
Schur modules (the irreducible components of the tensor powers of the natural 
module for the general linear group) and their characters. This is then applied to 
the above pair of 28.dimensional characters of G to obtain many irreducible 
characters of G and G. The remaining irreducible characters of d and G are then 
obtained from certain induced characters. 
7. COVERING GROUPS OF FINITE GROUPS 
We begin with some generalities on covering groups of finite groups. By a 
covering group of G we mean a group G such that G/Z(G) z G. A covering 
group G is proper if i # Z(d) c G’, the commutator subgroup of G and is 
cyclic if Z(G) is cyclic. We are interested here in cyclic proper coverings of 
finite groups, and primarily of simple groups. If Z(6) is cyclic and has order 
n then d is said to be an n-fold covering group of G. Given any covering 
group G of G, let $: 6 -+ G E e/Z(d) be the canonical homomorphism from 
d onto G. For any element x of G the inverse image of x in G consists of 
n = IZ(C?)I elements of 6 and we let X be one of them choosing ff of the same 
order as x if this order is relatively prime to n and arbitrarily otherwise for 
the moment. Thus, if 1 is the identity element of G, then i is the identity 
element of 6. If c is a generator of Z(6) then the inverse images of x in G 
are 2, G;;, FZ ,..., p-lx. In the case where n = 2 it is customary to denote the 
* This paper is a continuation of [8] so section numbers, notation, and bibliographical 
references follow those in [8]. 
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generator of Z(d) by -1, which we will also do later on in Section 8. An 
element x of G is said to fuse in d if X is conjugate to any (and thus all) of 
the elements FX, where c is a generator of Z(G). Remark: If X is conjugate 
to F for any generator cof Z(G) then all elements of Z(G)X are conjugate in 
6. An element x of G is said to split in G if X is not conjugate to any other 
element of Z(d)X If n is a prime then each element of G either fuses or splits 
in 6, but when n is composite there may be elements of G which neither fuse 
nor split in 6. A conjugacy class of elements of G is said to fuse (resp. split) 
in G if any (and thus all) of its elements fuse (resp. split) in G. We observe 
that if x fuses (resp. splits) in d then every other generator of the cyclic 
group (x) also fuses (resp. splits) in G. If x has order relatively prime to 
that of Z(G) then x must split in G because if [ is any nonidentity element of 
Z(G) then X and F do not have the same order and thus cannot possibly be 
conjugate in 6. On the other hand, if x fuses in G then its order must be a 
multiple of n. If the order of x is a multiple of n (resp. not relatively prime to 
n), then more subtle ideas are needed to determine which elements of G fuse 
(resp. split) in 6. A rather useful reduction in such cases is 
LEMMA 7.1. Suppose y is an element of G commuting with x and having 
order m which is relatively prime to that of both x and Z(6). If x splits in C? 
then so does xy. 
Prooj We prove the contrapositive: If xy does not split in G then neither 
does x. If xy does not split in d then there is an element W in G such that 
W-‘XyW = cw for some integer i (1 < i < n), i.e., some nonidentity element 
c of Z(G). Since x and y commute in G, 2 and J commute modulo Z(G) in 
6, and if Xy = 2~ = r-j72 then (Y# = p( i )?y” for any integer k. So if we 
raise the equation K’Xytt = rw to the mth power, then on the left side we 
get (W-lmW)m = W-‘(w)“W = w --l~(~)~mymfl = Qi(T)W-l.pimW = 
p(?)K’X”‘W, whereas on the right side we get (cw)“‘= Fm(w)m = 
~m~(~)?“jjm = ~m~(‘;)Pim = Emmy’. Equating these two expressions 
and multiplying by [-j(T) we get K’Y’@ = pm?“. Since m is relatively 
prime to n = lZ(d)l, cm is a nonidentity element of Z(G) so 2”’ does not 
split in 6. But m is also relatively prime to the order of x so x”’ is a 
generator of (x) so x does not split in 6 either. 
Remark. The converse of 7.1 is false in general. For instance, in his 
paper [9] on the characters of the 2-fold proper covering group k of the 
Higman-Sims group H, the author exhibits commuting elements x and y of 
orders 2 and 3, respectively, such that xy splits in fi while x fuses in fi. This 
example also shows that if x splits in G then it does not necessarily follow 
that x”’ splits in 6 for every integer m relatively prime to the order of Z(d). 
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In order to apply 7.1 we must first determine which elements of G of order 
dividing a power of n = IZ(G)l split in G. It appears that the best way to 
make this determination is by examining characters of G which are faithful 
on Z(G). We say that a character x of C? is constantly faithful if for any 
generator 4 of Z(e) there exists a primitive nth root of unity c such that 
x(0 = cd), i.e., the mapping c -+x(c)/x(i) is a faithful irreducible 
character of Z(6). Although we usually let x and 2 denote an element of G 
and one of its inverse images in 6, there is no confusion in the case of [and 
[ because 14 = 1, so we are free to use [ to denote a primitive nth root of 
unity. For example, if x is an irreducible character of 6, then x is constantly 
faithful if, and only if, it is faithful on Z(e). Saying that x is constantly 
faithful is equivalent to requiring that in any representation of d affording 
the character x, the generator rof Z(G) is represented by a scalar multiple of 
the identity operator with the scalar a primitive nth root of unity. Two useful 
consequences of this observation are 
LEMMA 7.2. Let e be a proper n-fold covering of the group G and let x 
be a constantly faithful character of G. Then the degree x(i) of x is a 
multiple of n = 1 Z(G)/. 
Proof: Let p be a representation of 6 affording the character x. If c is a 
generator of Z(G) then p(c) = c;I f or some primitive nth root of unity [ so 
that det@(C)) = P . U) Since G is a proper covering of G, c is in the 
commutator subgroup of G so de@([)) = 1 and our assertion follows from 
the equation 57[“’ = 1. 
LEMMA 7.3. Let d be a proper n-fold covering of the group G and let x 
be a constantly faithful character of G. If x(2) # 0, then x = .@ must split in 
i2* 
ProoJ x(cf) = cx(..?) for all ff in G with 4 and t; as in 7.2. If x does not 
split in d then X is conjugate in d to some Ff with p # 1. Thus 
x(X) = x(eX) = c$@) or equivalently (1 - c) x(f) = 0 and since 1 - c’ # 0 
we conclude that x(5?) = 0 proving our assertion. 
For any subgroup K of G, let K denote 4-‘(K), the inverse image of K in 
G. To obtain constantly faithful characters of d we induce up to G 
constantly faithful characters of E, specifically those irreducible characters 
of i? which are faithful on Z(z) = Z(d). In order to utilize 7.3 K must be 
chosen in a way so that such characters of g are easily determined and so 
that enough information about the embedding of K in G is available for us to 
compute the corresponding induced characters of 6. Furthermore, this 
method can only provide information about those elements of G which are 
conjugate to elements of K in G, so K should be chosen to contain represen- 
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tatives of as many of the conjugacy classes of elements of G as possible. In 
some cases several subgroups K must be used. 
We say that a subgroup K of G splits in d if I? = #- l(K) z K X Z(e), in 
which case we let K,, E K be a subgroup of g which is a direct complement 
of Z(K) = Z(d). In general EO is not unique, which can complicate things a 
bit. However, if there is no nontrivial homomorphism of K into Z(G), then 
EO is unique. For instance if K is simple, or more generally perfect (i.e., 
K’ = K), then (Z?)‘, the commutator subgroup of K, is the unique direct 
complement of Z(Z) in K. If K splits in 6, then the elements of j? can be 
thought of as ordered pairs whose first component is an element of F,, E K 
and whose second component is an element of Z(E) with multiplication 
defined componentwise. In particular, if x is an element of K, then its inverse 
image in d is in g and so may be identified with the pairs of the forms 
(To,?) (l<i< ) h n , w ere &, is the unique inverse image of x lying in K,. 
Henceforth for each element x of K we let X denote X0 keeping in mind that 
fO depends on the choice of i?, when K, is not unique. If we now identify K,, 
with K via the isomorphism taking & to x, then we may (by this abuse of 
notation) refer to K as a subgroup of d as well as of G and also refer to 
elements of K as elements of G. From this point of view elements of K can 
be thought of as one of their inverse images in d which considerably 
simplifies our notation. For instance if n = 2 and K splits in G, then to begin 
with we can use 1 to denote the identity element of both K and Kc d and 
-1 to denote the generator of Z(R) = Z(G). If x is an element of K then its 
inverse images in G are denoted x and -x with x=X, chosen in K = I?, 
while -x is in the coset -K = --EO = j? - K,, and so can be thought of as the 
inverse image of x not lying in K. 
If K splits in G, then every irreducible character of K is a product VP, 
where w is an irreducible character of K = x? and p is an irreducible 
character of Z(K) = Z(e). The character vp of K is faithful on Z(K) if, and 
only if, p is faithful on Z(R). The irreducible characters of Z(6) are all one- 
dimensional and may be indexed by the integers from 1 to n. They are all of 
the form ,uj : Z(K) + G with pj(c) = p, where f is a fixed generator of Z(R) 
and [ is a fixed primitive nth root of unity. The faithful irreducible characters 
of Z(K) are the ones whose index j is relatively prime to n = lZ(@l. For 
example, if n = 2, then the only primitive square root of unity is -1 so p, is 
the only faithful irreducible character of Z(E). In practice we choose a fixed 
one p of the faithful irreducible characters of Z(E), say p= p,, and then 
induce up to G the faithful irreducible characters of j? of the form VP, where 
v is an irreducible character of K. Usually it suffices to induce up just u/l,p, 
where w, is the principal character of K. The induced character vp T G is 
then restricted back to E and then to J?,, = K. The information needed to 
apply 7.3 is then obtained by examining the inner product of vp T G 1 K 
with certain irreducible characters of K. 
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This concludes our general discussion on n-fold proper covering of 
finite groups. 
8. THE CONJUGACY CLASSES OF ELEMENTS OF G 
We now specialize the above ideas to the case, where G is our rank 3 
group of degree 4060 with parameters (1755, 2304, 780, 730) and 
G, = F z *F,(2) the (nonsimple) Ree group of order 2 12335213, whose 
commutator subgroup G; = F’ E ‘F4(2)’ is the (simple) Tits group of index 
two in F. We let G denote the proper 2-fold covering of G described in 6.7. 
In order to describe the conjugacy classes of elements of G we must 
determine for each conjugacy class of elements of G whether that class fuses 
or splits in d and also the orders of the inverse images of elements from that 
class. This information is given in Proposition 8.20. In this section we also 
establish that G must have a faithful irreducible character of degree 28, in 
fact a complex conjugate pair of such characters, which will prove invaluable 
in determining the irreducible characters of G and the faithful irreducible 
characters of 6. We begin with: 
LEMMA 8.1. F = (F’)’ x Z(G), where (F’)’ 2 F’. 
Prooj The simple group *F,(2)’ has trivial Schur multiplier by a result 
[2] of Griess and thus has no proper covering. Since F’ E *F,(2)’ the 
assertion follows. 
Consequently, $ = F’ E *F4(2)’ will play the role of K in Section 7 above 
and we identify (F’ )’ with F’ so as to think of F’ as a subgroup of both G 
and G. In order to determine which classes of elements of F’ fuse (resp. split) 
in G it will sufftce to compute the inner product of w,p, T d 1 F’ with 
certain irreducible characters of F’, where w, is the principal character of 
F’and e, is as described in Section 7. In what follows we let A denote 
v/,pi T G and let w denote wi,u, T d 1 F’ = 11 F’. 
LEMMA 8.2. F’ is the commutator subgroup of i? 
Proof. Since p = (F’)’ x Z(e), (F’)’ = F’ is characteristic in F. Next, 
F is normal in F because it is the inverse image of the normal subgroup F’ 
of F, so (F)’ = F’ is normal in E But F/F’ has order 4 and thus is abelian 
so F’ contains the commutator subgroup (F)’ of E Since F’ is the 
commutator subgroup of the subgroup Fof F, (F)’ cannot be a proper 
subgroup of F’ so (F)’ = F’. 
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COROLLARY 8.3. If x and y are two elements of F’ which are conjugate 
in F but not in F’, then x is conjugate to y but not to -y in F. 
Proof Since x and y are conjugate in F = F/Z(F). x must be conjugate 
to at least one of y and -y in E But -y is not in (F’ )’ = F’ which is the 
commutator subgroup of F, whereas x is in F’ so -y cannot be conjugate to 
x in i? 
COROLLARY 8.4. Elements of the classes labelled 8C, 12A, 16A, and 
16B, respectively, in the character table of F’ (see [S, Appendix 41) are 
conjugate in I;, and thus in 6, to members of the classes labelled 8C*, 12A*, 
16A *, and 16B *, respectively. 
Let m(nA) denote w(x), the value of w on the element x of the conjugacy 
class labelled nA in the character table of F’. For instance, w(8C”) = U(X) 
for any element x of the class labelled 8C*. 
LEMMA 8.5. o(8A) = o(8B), co(8C) = o(8C*), o( 12A) = o( 12A *), and 
c0(16A) = o(16A”) = w(16B) = w(16B”). 
Proof. The equations o(8C) = w(8C*), o(12A) = w(12A*), 
w(16A)=w(16A*), and w(16B)=w(16B*) all follow from 8.4. For the 
rest, let C be a cyclic subgroup of F’. If w is an irreducible character of F’ 
which is constant on the generators of C, then I+u~, T G 1 F’ is also constant 
on the generators of C. Since v, = 1 on F’ it is certainly constant on the 
generators of C for any cyclic subgroup C of F’ proving our assertion in the 
cases w(8A) = o(8B) and w(16A) = w(16B) since elements of 8B (resp. 
16B) are the inverses of the elements of 8A (resp. 16A). 
COROLLARY 8.6. The element x of F’ fuses in G if, and only if, o(x) = 0 
except possibly tf x is an element of one of the classes 8A, 8B, 16A, 16A *, 
16B, or 16B*. In the exceptional cases w(x) = 0 implies that either x fuses in 
G or that x splits in G with x conjugate to -x- ’ rather than x- ’ in G, and 
since x is conjugate to both x-’ and -x-I tf it fuses we see that w(x) = 0 
implies x is conjugate to -x-’ in the exceptional cases. 
Let z, and zz be representatives of the two conjugacy classes of 
involutions in F’ with z, in the class 2A so that z2 is in the class 2B. Since z, 
and z2 are conjugate in G = G/Z(G), z, must be conjugate to at least one of 
z2 and -z2 in G. If zi splits in 6, as we will soon see it must, then z, is 
conjugate in G to precisely one of z2 and -z2. We refer to the first 
possibility as Case I and the second as Case II. It turns out that the choice of 
cases determines our induced character A = v,pi T G completely. In Case I 
U(X) # 0 for every element x of F’ so all elements of F’ split in G by 7.3, 
whereas in Case II we are able to determine the elements of F’ for which 
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LO(X) = 0. The values of w = I, T F’ = v~,u, T G 1 F’ are given in Table III 
with the understanding that the entry w(x) in the table corresponding to an 
element x of even order is simply what o(x) must be if it is nonzero. 
The next step is to compute the inner product of o with certain irreducible 
characters of F’ in order to determine the elements x of F’ for which 
o(x) # 0. The logic is to begin with irreducible characters of F’ which are 0 
on most of the 2-power elements of F’ eventually working up to ones which 
are nonzero on all such classes. We let I,M” denote an irreducible character of 
degree n of F’. For n # 35 1 or 1300 this notation is unique up to algebraic 
conjugacy of certain pairs of characters which is unimportant for our 
purposes here. We let IJ, denote a complex conjugate of vn which is not 
equal to w, and w’ denote an algebraic real conjugate of v/,, which is not 
equal to vn. Since any irreducible character of F’ has at most one algebraic 
(including complex) conjugate not equal to itself this notation is unam- 
biguous. For degree 351 there is a rational integer valued character which we 
denote t&i and a pair of complex conjugate characters which we denote 
t&i and I&, . The two characters of degree 1300 which are interchanged by 
outer automorphisms of F’ are denoted w,~,,~ and w~~,,~. We observe in 
passing that the algebraically conjugate pairs of characters of degrees 26, 
624, 702, and 2048 are also interchanged by the outer automorphism of F’. 
The above notation is also used in the character table of F’ = ‘F,(2)’ in [8, 
Appendix 41. 
LEMMA 8.7. The involutions and also the elements of order 10 and 6 in 
F’ all split in G. The inner product (0, ty,,28) is 0 in Case I and is 2 in 
Case II. 
ProoJ: It follows from the character table of F’ that the only elements of 
F’ for which w,,z8 is nonzero are those in l-4, 2A, 3A, 5A, lOA, 13A and 
13A. Since the classes lA, 5A, 13A and 13A * consist of elements of odd 
order, w is necessarily nonzero on elements of these classes so the sum of 
their contributions to the inner product (w, w,,~~) is (2633) 
(235 . 7. 29)/211335213 + (3)(225)/2. 52 + (-1)(2’)/13 + (-1)(23)/13 = 
3/22. Since the inner product must be an integer there must be a nonzero 
contribution to it from at least one of the remaining classes 2A and 1OA. The 
contribution from lOA, if cu(lOA) is nonzero, must be (1)(22)/2 . 5 = 2/5 
and since 3/22 + 2/5 = 13/225 is not an integer, there must be a nonzero 
contribution from 2,4. But then o(2A) # 0 so 2A must split in G and then 
1OA must also split by 7.1 so o(lOA) # 0, which means that 1OA has its 
above nonzero contribution to the inner product. But then the inner product 
must be 23/2*5 plus the contribution from 2,4. In Case I this contribution is 
(-26)(2323)/2115 = -23/2*5, so that (0, ~i,~~) = 23/225 - 23/2*5 = 0 as 
claimed. In Case II this contribution is (-26)(-2317)/2115 = 17/225, so 
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(w, v,,& = 2312’5 + 17/2’5 = 2 as claimed. Since the involutions in F’ are 
all conjugate in G they must all split in G and then the elements of order 6 in 
F’ split in G by 7.1. 
LEMMA 8.8. The class 4A of F’ splits in d in Case I and fuses in d in 
Case II. In both cases (0, t,u,300) = 0. 
Proof The only elements of F’ for which w,~~,, is nonzero are those in 
lA, U, 2B, 3A, 4A, 8C and 8C*. Since ~,3,,0(8C*) = -1q,~~~(8C) while 
w(8C*) = w(8C), the contributions to the inner product (0, w,~,,~) from 8C 
and 8C* are negatives of one another so the total contribution from 8C and 
8C* must be 0. The sum of the contributions from 1A and 3A is (225213) 
(235a 7. 29)/21’335213 + (22)(225)/2233 = 85/26. The sum of the 
contributions from 2A and 2B is (225)(2323)/2”5 + (-223)(2323)/2y3 = 
-69/26 in Case I and is (225)(-23 17)/2”5 + (223)(-2317)/293 = -85/26 
in Case II. Thus the sum of the contributions to the inner product from all 
classes except 4A is (85-69)/26 = l/2 ’ in Case I and is (85 - 85)/26 = 0 in 
Case II. Since the contribution from 4A is (-22)(23)/27 = -l/2’ whenever 
w(4A) is nonzero and since the inner product must be an integer we 
conclude that o(4A) # 0, so that 4A must split in G, in Case I, whereas in 
Case II w(4A) = 0, so that 4A must fuse in G. In both cases (w, v,.lOO) = 0 
as claimed. 
LEMMA 8.9. Both of the classes 4B and 4C of F’ split in d in Case I 
whereas in Case II precisely one of these classes splits in e. In both cases 
@. v/26) = O- 
ProoJ The character wz6 is nonzero on all elements of F’ except 
elements of orders 8 or 13. Since wz6( 16A *) = -wz6( 16A) and wz6( 16B *) = 
--wZ6( 16B) while o is constant on elements of order 16, the total 
contribution to the inner product (w, vz6) from the elements of order 16 of 
F’ is 0. In Case I the elements of F’ for which wz6 is nonzero and which are 
already known to split in G are those in: lA, 2A, 2B, 3A, 4A, 5A, 6A, and 
1OA. The sum of the contributions to the inner product from these classes is 
-l/2. In Case II the corresponding list is the same as in Case I but with 4A 
deleted because it fuses in G by 8.8. The sum of the contributions to the 
inner product from the classes in this case is -l/2*. If o(4B) # 0, then 4B 
splits in G by 7.3 and then 12.4 and 12A * also split in G by 7.1 and the sum 
of the contributions to the inner product from these three classes is 
(-2)(235)/263 + (1)(2*)/2*3 + (1)(2’)/2*3 = 1/22. If w(4C) # 0, then the 
contribution to the inner product from 4C is l/2’. The inner product must be 
an integer. In Case I this implies that both 4B and 4C must split in G so that 
(w, ~1~~) = -l/2 + 1/22 + l/2’ = 0 as claimed. In Case II this implies that 
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precisely one of 4B and 4C splits in d SO that (w, vzh) = -1/22 + l/2’ = 0 
as claimed. 
LEMMA 8.10. In Case I all elements of order 8 of F’ split in 6. In 
Case II 4C, 8C and 8C* allfuse in e, 8A is conjugate to -8B in 6, and 4B. 
12A and 12A * all split in G. In both cases (0, yfS ,) = 0. 
Proof: The character vfs, is nonzero on F’ except on elements of order 
13 or a multiple of 3. Since 1&,(16A)= 1&,(16A*)=-1&,,(16B)= 
-I&,( 16B*), while o is constant on elements of order 16, the total 
contribution to the inner product (w, I&,) from the elements of order 16 of 
F’ is 0. In Case I the elements of F’ for which t,u/ss, is nonzero and which are 
already known to split in G are those in the classes: lA, 2A, 2B, 4A, 4C, 5A, 
and 1OA. The sum of the contributions to the inner product from these 
classes is -l/2*. In Case II the corresponding list is: lA, 2A, 2B, 5A, and 
1OA. The sum of the contributions to the inner product from these classes is 
-5/23. By 8.9 precisely one of 4B and 4C splits in Case II and thus has 
a nonzero contribution to the inner product. When they are nonzero the 
contributions to the inner product from 4B and 4C, respectively, are 5/2’ 
and -1/23. Therefore in Case II the sum of the contributions to the inner 
product from all elements except elements of order 8 is -5/2-’ + 5/2” = 0 if 
4B splits in d and is -5/23 + -1/23 = -3/2* if 4C splits in e. Since 
w(8A) = w(8B) and w(8C) = w(8C*) the contributions to the inner product 
from 8A and 8B are both zero or both nonzero and the same is true for 8C 
and 8C*. If w(8A) # 0, then the sum of the contributions from 8A and 8B is 
(-I - 2i)(22)/25 + (-1 + 2i)(22)/25 =-l/2* and if o(8C)#O, then the 
sum of the contributions from 8C and 8C* is (1)(22)/24 + (1)(22)/24 = l/2. 
But (w, I&~,) must be a nonnegative integer. In Case I this implies that w is 
nonzero on all elements of order 8, so all such elements split in 6, and 
(w, I&~~) = -l/2* + -l/2* + l/2 = 0 as claimed. In Case II we see that if 
4C splits in d, then (w, I&~,) must be negative. Consequently 4C must fuse 
in C? so 4B must split in d and then the inner product is 0 plus the 
contributions from the elements of order 8 which can only be 0 if the inner 
product is to be an integer. Thus (w, u/S5,) = 0 in Case II as well. Since the 
contribution from the elements of order 8 must be 0 we see that w must be 0 
on all such elements and then 8.6 implies that 8C must fuse in G and that 8A 
must be conjugate to -8B in C?. 
LEMMA 8.11. The elements of order 16 of F’ all split in G. The inner 
product (w, y,) is 5 in Case I and is 4 in Case II. 
ProoJ The sum of the contributions to the inner product (0, vi) from all 
elements of F’ except the elements of order 16 is 9/2 in Case I and 7/2 in 
Case II. Since w and v, are both constant on the elements of order 16 of F’ 
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each class of elements of order 16 must have the same contribution to the 
inner product and this contribution is (1)(2)/24 = 1/23 if it is nonzero so the 
total contribution to the inner product from the elements of order 16 is 
4/23 = l/2 if it is nonzero. Since the inner product must be an integer we see 
that there must be a nonzero contribution from the elements of order 16 in 
both cases so w must be nonzero on all elements of order 16, so that all such 
elements must split in G in both cases. The inner product (0, w,) is then 
9/2 + l/2 = 5 in Case I and 7/2 + l/2 = 4 in Case II as claimed. 
COROLLARY 8.12. In Case I L = w,p, T d has precisely five irreducible 
components. In Case II L has precisely four irreducible components. 
LEMMA 8.13. In Case I w coincides with the restriction to F’ of the 
permutation character z + 7c* given in Table II so that w = 5~~ + 2yl,, + 
2w27 f v78 + 4viSl + 3v650 + v675 t2v6,4 + 2vk24 + v702 + dO2’ In 
Case II w is 0 on the classes 4A, 4C, 8A, 8B, 8C, and 8C* and agrees with 
the restriction to F’ of n t z* on the remaining classes of F’ so that w = 4~~ 
f 3~27 + vi,7 t 2~:51 + 2v650 + 2Y/624 + 2d24 + 211/1728’ 
The next task is to determine the restrictions to F’ of the irreducible 
components of 1= wi,~i T G in each case. Since this will eventually lead to a 
contradiction in Case I we must be in Case II. 
We begin by accumulating some useful facts about the faithful irreducible 
characters of 6. 
LEMMA 8.14. Every faithful irreducible character x of G has even degree 
dividing ) G I. 
Proof: That x has even degree is a special case of 7.2 above. That the 
degree of x divides 1 GI is a special case of a more general result which 
asserts that the degree of any irreducible character of a finite group (d here) 
divides the index of any abelian normal subgroup (Z(e) here) of that group. 
LEMMA 8.15. If x is a faithful irreducible character of G and x 1 F’ is its 
restriction to F’, then wsz4 and wL24 appear with the same multiplicity in 
x 1 F’. The same is true of w702 and ~4~~. 
Proof: By 8.4, 12A and 12A * are conjugate in F and thus certainly in G 
so x(12A) =x(12A*). Since vsZ4 and t&24 differ only on 12A and 12A *, we 
conclude that (x 1 F’, wg4) = h 1 F’, I&~) as claimed. Similarly, 16A and 
16A * are conjugate in F and thus in G while w702 and i&o2 differ only on 
16A and 16A * and the corresponding inverse classes 16B and 16B *, so 
011 F’, w702) = (x 1 F', v/;~~) as well. 
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In view of 8.15 we let w,z48 denote ye24 + r&z4 and w,404 denote 
w702 + v/;OZ' 
LEMMA 8.16. The induced character ,I = w,,u, T C? is the sum of two 
induced characters ,I, and A, of degree 4060 each induced from F up to 6 so 
in particular the irreducible components of k have degree at most 4060. 
Prooj By 8.2 F’ is the commutator subgroup of E By transitivity of 
induction yi,u, T G = (wt,u, T F) T G. Since F has index two in F and wlcll 
has degree 1, w+, t F has degree 2. Since F’ is in the kernel of w+, T F, 
I,V~,LJ~ T F is a character of the abelian group F/F’ and so must be the sum of 
two irreducible characters of degree 1 of F/F’ and thus of E Inducing each 
of these characters of F up to G we obtain two induced characters 1, and 12? 
of G, of degree 4060 each, whose sum is A. 
We now argue pretty much as in 5.8 and 5.10. In Case I since 2A and 2B 
are conjugate in G, x(2,4) =x(2B) so that xa --B =x(U) - x(2B) = 0. We 
form a table as in 5.8 and 5.10 
v(lA) 1 1 1 1 1 27 27 27 27 78 351 351 351 351 650 650 650 675 1248 1248 1404 
VW) 1 1 1 1 l-5 -5 -5 -5 14 31 31 31 31 10 10 10 35 -32 -32 60 
VW) 1 1 1 1 I 3 3 3 3 -2 15 15 15 15 10 10 10 3 32 32 12 
y&8 00000-1-1-1-1 2 2 2 2 2 0 0 0 4 -8 -8 6 
In Case I we define a 2-combination (in LL)) to be a sum of the irreducible 
components of w which is constant on involutions. A basic 2-combination is 
one which cannot be expressed as a nontrivial sum of 2-combinations. If x is 
an irreducible component of I then x 1 F’ is a 2-combination and thus a sum 
of basic ones. The basic 2-combinations in or) are: 
yy, = VI 
y2 = v21+ w27 + + W78 
yy, = v27 + w27 + + w;,, 
Y4 = Wa5o 
y5 = ‘1/m + w27 + Pm + v27 -t- + W675 
I-, = W78 f 45 I + + V675 +WI248 
rz = '1/78 + d,, + 6, + u/;5, + WI248 
r, = w;5, + v&l + + w675 + ~1148 
A, = W78 + + WI248 + WI404 
A,= w;5, + + WI148 + v/1404 
A, = IV,, + ~27 + + w615 + ~1248 + WI404 
In the above, the Ats are the basic 2-components containing w,~,,~, the Ti’S 
are the basic 2-combinations containing v,248 but not w,404, and the !Pts are 
the basic 2-combinations containing neither w,248 nor v,404. In Yz, Y,, and 
A, one or both of the vz7’s may be replaced by p27’s. 
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Let x be the irreducible component of 1 such that x 1 F’ has w14,,4 as a 
component and 1, be the one of the two induced characters from 8.16 which 
has x as an irreducible component. Since x 1 F’ has vi = Yy, as a component 
only once, contains only one of the Ai’s, has degree at most 4060, and may 
contain some of the other yli)s, it is easy to see that the possibilities for 
xl F’ are as follows: d,* + Yd, A: + Y,, A: + Y2, A,*, 4; + Y4 + y,, 
A:+Y4+Y2, A::+Yd, A,*+Y,+Y,, A:+YJ+YY,, A:+Y,, 
A,*+\y,, AZ, AT+Y’,+Y4, A,“+Y4, and A:. In this list AT=Ai+Y,. 
Of these possibilities the only ones with even degree dividing 1 G 1 are 
AC + Y4 of degree 4032 and A: + Y4 of degree 3654. In the first case, since 
4060 - 4032 = 28 there is no way to express (A, -x) 1 F’ as a sum of basic 
2-combinations, so xl F’ must be A,* + Y4 = w, + I&, + v/6so + 
vi248 + ~1,~~~ so that ()Li - 1) has degree 4060 - 3654 = 406. Since the only 
sum of basic 2-combinations having degree 406 is Yr + Yy, = 
tqi + v/?, + I,v*, + ~/;~i we see that (1, -x) is an irreducible character of G 
having Yi + Yy, as its restriction to F’. As before, one or both of the w2,‘s 
may be replaced by 1,7~,‘s. It now follows that A, 1 F’ = (A -A,) 1 F’ = 
3vl t v27 t v27 t v78 t 2vi51 t 2vss0 t v675 t VI248 so the basic kom- 
binations in A, 1 F’ are Y,, Y, , Y’, , Yy,, rl, and r, . Let [ be the irreducible 
component of A2 such that [ 1 F’ has v/1248 as a component. Since c 1 F’ has 
tqi = Y, as a component exactly once, it must consist of Y,, one of the ri’s, 
and possibly some of the other Y,.‘s. Writing r: = Ti t Y,, the possibilities 
for~~F’are:r~tY4+Y4tY2,r~+Y4+Y4,r,*+Y4+Y2,r~tYY,, 
r,*, r: $ Y4 + Y4, 2-T + Y4, and r:. Of these possibilities the only one of 
even degree dividing JGI is rt + Y4 = w1 + I&, + I&, + w650 + w67J + 
v/1248 so that (A, - [) 1. F’ = 2Yy, + Y2 + Y4. This implies that (A, - [) has 
exactly two irreducible components whose restrictions to F’ must be among 
Y,, Yy, t Y,, Y, t Yd,, or Y, t Y2 + ul,. Since none of these possibilities 
have even degree it follows from Lemma 8.14 that Case I does not occur. 
LEMMA 8.17. Case II must occur so 2A is conjugate to -2B in 6. 
Thus, if x is a faithful irreducible character of 6, then x(U) = x(-2B) = 
-x(2B) so that xA +B =x(U) t x(2B) = 0. Again we form a table as in 5.8 
and 5.10. 
v(lA) 1 1 1 1 27 27 27 27 27 27 35 1 351 650 650 1248 1248 1728 1728 
VW) 1 1 1 1 -5 -5 -5 -5 -5 -5 31 31 10 10 -32 -32 -64 -64 
v4-W 11 I1 3 3 3 3 3 3 15 15 10 10 32 32 0 0 
va+J2 1 1 1 1 -1 -1 -1 -1 -1 -1 23 23 10 10 0 0 -32 -32 
In Case II here we define a 2-combination (in o) to be a sum of the 
irreducible components of w such that the sum of its values on 2A and on 
2B is 0. As before, a basic 2kombination is one which cannot be expressed 
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as a nontrivial sum of 2-combinations. If x is any irreducible component of 
II, then x 1 F’ is a 2combination and thus a sum of basic 2-combinations. 
The basic 2-combinations in w are easily seen to be @, = v, + IY~, 
@2 = w1248) and @, = v2, + v/is, + vs5,, + v,,~~, where in @, and Qp, the 
component w2, may be replaced by v2,. 
Let l be an irreducible component of ;1 such that ll F’ has IY,,~* as a 
component and let A1 be one of the induced characters from 8.16 such that c 
is an irreducible component of 1,. Since c 1 F’ has v/, , and thus @, , as a 
component only once, contains Qp,, and has degree at most 4060, the 
possibilities for r 1 F’ are @, + G3 and @i + Q2 + Qj. If < 1 F’ = @, + Qp,, 
then < has degree 2784 and (A, - r) must be an irreducible character of 
degree 4060 - 2784 = 1276 = 22 11 . 29 and since this does not divide G we 
have a contradiction. Consequently < 1 F’ must be @, + @I + G3 so r has 
degree 4032 = 26327 and 0 = 1, - < is then an irreducible character of 
degree 4060 - 4032 = 28 such that 8 1 F’ = @, = I,V, + v2,. In particular, we 
have proved 
PROPOSITION 8.18. C? has a faithful irreducible character 9 of degree 28. 
Since B 1 F’ = t,~i + w2, is not the same as its complex conjugate, B cannot 
be the same as its complex conjugate #. Since the degree of 0 is a multiple of 
7, 0 and e are 7-projective indecomposables so their product Se is also a 7- 
projective indecomposable. We observe that since IZ(@ = 2, a product, 
such as &?, of two constantly faithful characters of d is not faithful on Z(G) 
and thus is a character of G/Z(G) z G. Since the principal character x, of G 
is necessarily a component of et? we see that &? = x, + x783 since this is the 
7-projective indecomposable involving x, by Lemma 6.1. Thus for any 
element x of G, t9(.-?) 8(X) = 119(f)l’ =x,(x) + x,~~(x). 
Remark. On the basis of his observation that x,(x) + x,~~(x) is an integer 
square for almost all elements of G, J. S. Frame conjectured that G or 
perhaps some covering group of G should have a 28-dimensional irreducible 
representation. This conjecture was made before it was even contemplated 
that G might have any proper coverings. The author was able to show easily 
that G itself cannot have any such representation and thus was led to 
discover the proper 2-fold covering 6. A short time later W. Feit showed 
that d must have a faithful irreducible 28-dimensional representation and 
this representation was crucial in the constructive proof of the existence of G 
by J. H. Conway and D. Wales. 
Using 1 e(X)/’ =x,(x) + x,~~(x) and examining the values of x783 given in 
Table II we find that B(z) # 0 unless x is conjugate to one of the following: 
2, = u, 4, = 4A, 4, = 4C, 7, = u, 8, = 8C, or 8C*, 10, = vd, 14, (i = 1,2,3), 
and 26j (j = 1,2, 3). Of these classes we already know that 4,4, 4C, 8C, and 
RANK 3 SIMPLE GROUP OF ORDER 21433537 * 13. 29. II 233 
8C* must fuse while 7, = u must split because it consists of elements whose 
order is relatively prime to that of Z(e). For the remaining we have 
LEMMA 8.19. The elements 2, = v, 10, = vd, 14, = vui (i = 1,2,3), and 
26j = vqj (j = 1,2,3) all fuse in G. Furthermore, the orders of all their 
inverse images in G are 4, 20, 28, and 52, respectively. 
Proof: By 6.7 the inverse images of all involutions in V are elements of 
order 4 so v has --I as its unique involution and so must be a quaternion 
group of order 8. Since (5)’ = --U in v and all elements of a quaternion 
group are conjugate to their inverses it is clear that v must fuse in F and 
thus in 6. Next, if x E C,(V) has odd order, then P centralizes X and since V 
is conjugate to --U in v we see that vX= Vx must be conjugate to 
--vX = -Vx in C,(V) and thus in 6. The orders of the respective inverse 
images are all multiples of 4 because (V)’ = -1. 
Summarizing our previous results we have the promised description of the 
elements of 6. 
PROPOSITION 8.20. The elements of G split in G except for conjugates of 
elements in the following two lists: 
(a) 4, = 4A, 4, = 4C, and 8, = 8C or 8C* all from F’. 
(b) 2, = v, 10, = vd, 14, (i = 1, 2, 3), and 2qi (j = 1, 2, 3) all from 
C,( VI. 
Furthermore, each element x of G has an inverse image X in G with the same 
order as x unless x is conjugate to an element in (b) above in which case all 
inverse images of x have order twice that of x. 
We close this section by proving that F/(F)’ E Z, and giving a nice 
description of the elements of i? 
LEMMA 8.2 1. F/(F)’ = F/F’ E Z, . 
Proof: Since F,(F)’ has order 4 and thus is abelian, it has precisely four 
irreducible characters all of degree 1. Viewed as characters of F two of these 
are not faithful on Z(F) and thus are characters of F/Z(F) = F which we 
know to have only two one-dimensional characters, namely, 1, and-s,: of 
Section 5. The remaining two characters of F/(F)’ are faithful on Z(F) and_ 
we denote them ,U and?+ It follows that every irreducible character of F 
which is faithful on Z(F) is a product VP, where v is an irreducible character 
of F and ,U is as above. In particular, the values of yip can be computed using 
the equation (VP)(S) = I,u(x),@). S ince 0 1 F’ = v/, + v2, and 8 is constantly 
faithful on Z(e) = Z(F), 19 1 F is necessarily a sum of two irreducible 
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characters of degrees 1 and 27 of F which are faithful on Z(F). If we let v, 
and w21y respectively, also denote irreducible characters of F whose 
restrictions to F’ agree with the original w, and v2,, then there are only two 
possibilities for ‘i/, , namely, 1, and Ed, and correspondingly only two 
possibilities for w2, with each being 6,. times the other. Keeping this 
ambiguity in mind, B 1 F= v,p + v/~,,u = (w, + I+Y~,),u. If x is an element of 
class 80 of F, then x is conjugate in G to an element y of class 8A of F’ so x 
has an inverse image X in G which is conjugate to p= y in G. Since e(f) = 
19(y) = w,(v) + t,~,,(y) = 1 + (-1 - 2i) = - 2i on the one hand and 0(X) 
= ((w, + W27)PKf) = (VI + v/27D)PW = (v,(x) + v27(x))Pw = 
(k 1 + (rt(-1))) ,u(X) on the other hand, it is clear that ,u(A?) cannot be real so 
@) = +i. But then ,u: F/(F)’ -+ (i) ZT Z, is an isomorphism proving our 
assertion. 
We can now describe the elements of F as ordered pairs whose first 
component is an element of F and whose second component is an element of 
(i) = Z,. Specifically, the mapping X-i (.@, if,,) is an injective 
homomorphism from F into F x Z,. We observe that 24 E F’ implies 
@=+l or -1 according as X is chosen in F’ = (F’ )’ or in 
-F’ = F - (F’ )’ and that 24 E F - F’ implies A?P = i or -i (with 
(-2)~ = -i or i, respectively). Since multiplication of ordered pairs is 
componentwise, (f, &1)2 = (f’, 1) so that elements of F’ have their squares 
in F’ = (F’)‘, while (f, *i)’ = (f’, -1) so that elements of F- F’ have their 
squares in the coset -F’ = F’ - (F’ )’ and thus certainly not in F’. Even 
though F is isomorphic to a subgroup of the direct product F x Z, it has no 
subgroup isomorphic to F and thus is a nonsplit central extension of F. Since 
(F)’ = F’ and -1 is not in F’ we see that this extension is not proper. The 
elements of F are usually denoted by simple juxtaposition rather than as 
ordered pairs. Thus, if x is an element of 8D then its inverse images in d are 
denoted simply xi and -xi rather than (x, i) and (x, -i). 
Since we know from the remarks following 8.18 that B# = x, + x783 so that 
I W’ = Xl(X) + x7&) f or each A? in 6, and since 8 1 F’ = tyl + ty2, it is 
easy to see that 0 1 F= wi,~ + w2,,L and then we can determine B for all 
elements 2 in 6. The results of this determination as well as some additional 
information to be used later on are given in Table IV. 
9. CHARACTERS FROM SCHUR MODULES 
We begin this section with a brief description of Schur’s theory of the 
finite dimensional irreducible representations of GL(V), where V is a vector 
space of finite dimension m over a field K of characteristic 0. The vector 
space V is the natural GL(V)-module and for every positive integer II the 
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tensor power V” = V@ V@ V@ ... @ V (n times) is also a GL(V)-module. 
The decomposition of V” into irreducible submodules is connected with the 
respresentation theory of the symmetric group S, of degree n. With reach 
partition 1 of n is associated in a natural way an irreducible representation 
of S, over K and we let wA denote its character. Using this character we 
form the centrally primitive idempotent zA = l/n! CUES, ~~(0) . o in the 
group algebra KS,. If we let S, act on V” by permutation of the PZ 
coordinates, then KS, also acts on V” and zA V” is a submodule of I’“. Next, 
we observe that 1 = CAzJ is a representation of 1 as a sum of mutually 
orthogonal centrally primitive idempotents of KS,, so V” is the direct sum of 
the submodules zA V”. Furthermore, zA I”’ is zero if, and only if, A is a 
partition of n into more than m = dim(V) parts, so in particular zA V” is 
nonzero for all A if m > n. Now zA can be expressed (in many ways) as a 
sum of mutually orthogonal primitive idempotents of KS, and if e, is one of 
the summands in any such expression, then e, V” is an irreducible submodule 
of zA V” and every irreducible submodule of zA V” is isomorphic to e, V”. 
We refer to any non-zero module isomorphic to e, V” as a Schur module. 
More precisely, using the fact that zA is the sum of exactly deg(y/,) = ~~(1) 
mutually orthogonal primitive idempotents we can express zl V” as a direct 
sum of deg(ly,) submodules each of which is isomorphic to e, V”. Schur 
modules corresponding to distinct partitions are never isomorphic whether 
they are two partitions of the same integer or partitions of distinct integers. 
Finally, every finite dimensional irreducible GL( V)-module is isomorphic to 
a Schur module. If x is the character of the natural module V, i.e., 
x(x) = Tr(x) for x E GL(V), then the character ~1” of the Schur module 
e, V” is given by 
P’(X) = $ 1 VA(O) X”‘(X) f’(x’) X”‘(X”)..., 
OES” 
where uk is the number of k-cycles in the expression for (5 as a product of 
mutually disjoint cycles. 
For n = 2 all of this is well known as the possibilities for wA are just the 
principal and alternating characters of S,. Since S, is commutative zA = e, 
and so zA V* = e, V* in the respective cases is just the subspace of V* 
consisting of symmetric and skew-symmetric tensors in V* = V 0 V and the 
formulae for xtA1 are undoubtedly well known even to those readers not 
familiar with the entirety of Schur’s description for n > 2: 
x’“‘(x) = [x’(x) + x(x2W so that $“(l)= (m’ + m)/2 = , 
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The number of terms in the expression for ~1~” is the number of conjugacy 
classes of elements of S, for which vA is nonzero and thus is approximately 
equal to the number of partitions of n. Therefore, expressions for x1.” are 
fairly easy to compute for small values of n but become rather involved for 
larger values of n. For II = 3 we have 
x13](x) = [x’(x) + 3x(x) x(x’) + 2x(x3)1/6 so that xt31 [l ] = 
x’“W = [x’(x) -X(X3)1/3 so that x ‘“l(l)=2 
xt”l(x) = [x’(x) - 3x(x) x(x*) + 2x(x3)1/6 so that xt “l( 1) = 
If we replace GL(V) by a finite subgroup G and let x also denote the 
restriction of x to G, then $*I is a character of G which is in general not 
irreducible even if G acts irreducible on V. Nevertheless, it is easier to find 
the irreducible components of x IA1 than to find those of x” directly and in 
some cases $‘I may even be irreducible whereas x” cannot be irreducible for 
n > 1 as xtA1 is certainly a component of x” for each partition A of n. This 
completes the general discussion of the characters obtained from Schur 
modules. 
We now introduce the Schur-Frobenius index V(V) = l/]G] CxcG I of 
a character v of a finite group G. Let x be an ireducible character of G. If 
2 # x, then 01, f) = 0, whereas if 2 = x, then (x, X) = 1. However, 
(x,x> = 01*,x,>, h w ere x1 is the principal character of G. But x2 = xt*’ + x”~’ 
so ~‘,xi) = ~“‘,x,) + ($‘*l,x,), which means that both summands on the 
right are 0 if X#x and that one of the summands on the right is 1 and the 
other is 0 if I= x. From the formulae above for x[*] and x1’*’ we see that 
v(x) = tit*], xi) - @i2], xi). We conclude that ~01) = 0 if, and only if, X# x 
and that if f=x, then v(x) = 1 or -1 according as (x’*‘,xl) = 1 or 
($12], x,) = 1. If p is a G-module whose character is 1, then in the first case p 
admits a G-invariant symmetric bilinear form and thus is equivalent o a real 
representation of G, whereas in the second case p admits a G-invariant skew 
symmetric bilinear form and thus is not equivalent o any real representation 
of G. In particular, if v(x) = -1 then the Schur index m, of x over the reals 
must be 2 so that x must occur with even multiplicity as a component of any 
character of G afforded by a real representation of G. Since v is a Z-linear 
map from the character ring of G to the integers, we see that if IC is any 
compound character of G then IC must have at least IV(K)] irreducible 
components. Since K has at most (K, K) irreducible components, if 
I v(K)I = (K, K> th en K has exactly IV(K)] irreducible components which are 
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necessarily all distinct (i.e., if IV(K)] = (K, K), then K is multiplicity free) a 
fact which proves useful in decomposing compound characters of G. 
We now specialize to the case where our finite group is the 2-fold proper 
covering G of our simple group G of order 2143’5 ‘7 . 13 . 29 and where 
x = 19 the character of the 28-dimensional faithful representation of d given 
in Table IV above and apply the above ideas to reduce its tensor powers. 
First we observe that P(-1) = [0(-l)]” = [-e(l)]” = (-l)“B(l) so that 8” 
is faithful on Z(G) if, and only if, )2 is odd in which case P, and therefore all 
of its irreducible components, are constantly faithful on Z(G). In what 
follows we let xn denote an irreducible character of degree n of G and 2, 
denote a faithful irreducible character of degree n of G. Also, we let X, (resp. 
2”) denote a complex conjugate of xn (resp. i,) which is not equal to x,, 
(resp. f,) and let x; (and where necessary x;) denote a real algebraic 
conjugate of x,, which is not equal to x,. 
For n = 2 we find 812’ to be the character x406 given in Table III while @‘21 
is a new irreducible character x378’ Since x3,* 1 F’ = 19[‘*~ 1 F’ = (0 1 F’)“” = 
(wl + w27Y’ = v\‘*’ + ~1~27 + &,‘I = 0 + ~27 + ‘i/S51 we see that 
X378 f x378. 
For n = 3 we find that Br’31 =f3276 and 0t2” =f73,,8 are irreducible 
characters which are not the same as their complex conjugates while 
e'31 = B+f4o32, where f4,,32 has already been encountered in 1, = i,, + i4,,32. 
We also obtain a further irreducible character f,0s56 = &378 - 8 which is not 
equal to its complex conjugate as a component of Oe2. 
For n = 4 we obtain directly two new irreducibles 8”“’ =x20,45 and 
@2121 - -X 71253 = 01378) [‘*I A bit less directly we obtain xs,432 = 8t3” -x,83 = * 
cu4od 
1121 _ 
x783 1 x27405 = 814r --xl -x783 - x327h = 014] - rt, and x2375, = 
/pl 
- x27405 ' We also obtain two more irreducibles by examining products 
of 0 with characters of G obtained for n = 3 above. Thus x9,350 = 
@3276 -x378 while another x950,,4 is obtained in an even more roundabout 
way. First, &403z = x406 + x3654 + a = n* + a, where a is a compound 
character of degree 108836 which is a sum of precisely two irreducible 
characters of G. Then ,Y~~~,,~ = &,,,, -x378 - x406 - a. No new irreducible 
characters of G are obtained by examining products of two characters 
obtained above for II = 2 however we do obtain a compound character 
P=x378x378 -XI --x783 of degree 142100 which is the sum of precisely two 
new irreducible characters neither of which is a component of a. Finally, it 
turns out that any character of G which is a product of either 0 or fi with a 
character obtained above for n = 3 or of two characters obtained for n = 2 
above can be expressed as a sum of irreducibles already encountered with CI 
or /3. 
For n = 5 we find et151 =&8280 to be an irreducible which is not equal to 
its complex conjugate. We then obtain an irreducible &7696 which is equal to 
its complex conjugate by reducing 815’. The two characters R98280 and x”,,,,, 
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are more easily calculated by observing that 6)~~~~~ =f4032 + ~9szx,1 and 
@X 3276 = $,,32 + fs7696. Examining the characters of other Schur modules for 
n = 5 we do not obtain any more irreducible characters of G. The best we 
can do is to extract two compound characters y^ and C$ which consist of two 
and four irreducible components, respectively, and which have exactly one 
irreducible component in common. Since the first of these has 
Schur-Frobenius index -2 it must be a sum of two real valued characters 
which are not afforded by any real representations of G. Similarly, the 
second of these has Schur-Frobenius index -3 and thus consists of three real 
valued characters which are not afforded by real representations of G and an 
irreducible character of G which is not equal to its complex conjugate. Since 
19~ = e” the characters of Schur modules of B for n = 4 are the same as the 
characters of Schur modules of s for n = 4, so that irreducible components 
of I!%?” = 8” are just the complex conjugates of the irreducible components of 
the Schur modules of 8 for n = 5, so we do not get anything new from the 
irreducible components of c’%“. It turns out that we don’t get anything new by 
examining the irreducible components of t&? (i.e., from products of 
irreducibles for n = 2 with irreducibles for n = 3) either. 
For n = 6 we are not able to extract any new irreducibles from the 
characters of any of the Schur modules. In fact, the best we can do is to 
observe that et’“] -x27405 is a compound character r consisting of four 
irreducible characters one of which is a component of a above. 
It is clear that we have reached a point where some new ideas are needed 
for further progress. Nevertheless, we have made a good beginning in that we 
have already determined 14 of the 36 irreducible characters of G and 13 of 
the 25 faithful irreducible characters of G. 
10. SOME INDUCED CHARACTERS OF G AND G 
In order to make further progress, in fact in order to complete the deter- 
mination of the irreducible characters of 6, it is necessary to examine some 
induced characters of G and G. In particular, we need to induce up to G 
(resp. G) certain irreducible characters of F and iV,( I’) (resp. F and N,(V)). 
Originally, we expected that inducing from F and F would suffice, but it 
turned out to be necessary to induce a few irreducible characters of N,(V) 
and N,(V) as well. It turns out to be most efficient to work out the faithful 
irreducible characters of G first in Section 11 and then to work out those of 
G in Section 12. 
Most OY the information needed for computing induced characters from F 
and P up to G and 6, respectively, has been worked out in Section 8 and is 
given in Table IV. From the discussion at the end of Section 8, the 
irreducible characters of F which are faithful on Z(F) are products wp where 
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w is an irreducible character of F (i.e., an irreducible character of F which is 
not faithful on Z(F)) and ,D is a one-dimensional character of F which is 
faithful on Z(F). Letting ~1 be a fixed one of the two one-dimensional 
characters of F which are faithful on Z(F), the other is its complex conjugate 
p and ,6= sF,u, where E, =j~* is the one-dimensional character of F which is 
1 on F' and -1 on F-F’ first encountered in Section 5. It follows that any 
product I@ = (v(E~,u) = (r,~e~),u is again a product of ,U and an irreducible 
character of F, namely, veF. Thus to form an induced character from F to d 
we begin with an irreducible character w of F, multiply it by ,u to obtain an 
irreducible character of F which is faithful on Z(F), and then induce the 
product VP up to 6. By abuse of language we refer to this process as 
inducing yl up to G and use the notation w T 6 rather than (VP) T 6. If X is 
any element of F, let *Zi, “_2 ,..., Zk be representatives of the conjugacy classes 
of elements of F in 2’ f7 F, where X” is the conjugacy class of elements of G 
containing 3. If xi = fi#, the image of Zi in G, then 
(‘+’ T c)(z) = ,$, [ cG(xi)’ CF(Xi)] ‘/(Xi> P(fi>y 
unless x fuses in G in which case (w T G)(X) = 0. The values of w T d given 
in the rightmost column of Table IV are obtained from the above formula 
and the fusion information in the previous column of the table. 
When inducing from F up to 6 it is not necessary to let w range over all 
irreducible characters of F as some of these induced characters are complex 
conjugates of others. Specifically, for each irreducible character w of F it is - 
necessary to induce from only one of v and WEE since vp = &Yi = IJ(E~,D) = 
(PS~),D so that inducing from t&sF gives the complex conjugate of inducing 
from I,Y. In particular, if w = I, then inducing from I,E~ gives the complex 
conjugate of inducing from w, whereas if w f @, then it suffices to induce 
from w and W as inducing from veF and I@~ gives the complex conjugates of 
inducing from I+? and I,Y, respectively. 
Inducing irreducible characters of F up to G is much simpler than 
inducing from F up to G as the formula above with the factor ,u(Y~) omitted 
is valid for all classes of elements of F not just those which split in G’, so we 
do not need the results of Section 8 but only Table II of Section 5 and the 
characters of F. However, there is a problem of notation due to the fact that 
if v is an irreducible character of F, then w t G and @sEF t G are not complex 
conjugates (as was the case for v/ t G and y&F T 6) and in general seem 
totally unrelated. Consequently, we need a notation enabling us to 
distinguish IJ/ T G from veF t G in the cases where they are not equal. We 
begin by observing that v T G = w&F T G if, and only if, W = ~6~. There are 
two ways in which @ = IJE~ may occur. First, v = +!i = WEE, in which case II/ 
is 0 on F - F' so that IJY 1 F' is a sum of two irreducible characters of F' 
242 ARUNAS RUDVALIS 
which are interchanged by an outer automorphism of F’. Second, 
Wfyl=wF, in which case I+U and v/ are complex conjugates having degree 
either 300 or 1728 and i,~ T G = q T G because if x and x- ’ are two noncon- 
jugate elements of F-F’ such that v(x) # ~(x-‘) = t,?(x), then x and x-’ 
are conjugate in G by Table II. For the remaining irreducible characters of F 
(i.e., the ones for which I,? # we,.) we observe that ~(40) has nonzero real 
part so we let vi denote the one of IJJ and veF which has positive real part 
on 40 and let vv- = w+E,. As was the case in inducing from F up to d this 
notation needs further refinement when w has degree 351 so we let wit, and 
I&;, denote the two real valued irreducible characters of degree 35 1 of F 
while I&:, , I&:, , I&, , and WS;, denote the two complex conjugate pairs of 
nonreal irreducible characters of degree 35 1 of F. In the table of irreducible 
characters of F in Appendix 3 to [8] only the characters vt are tabulated 
among the characters for which g# ~.s~ as vP can be obtained by 
multiplying v/’ by E,. 
In order to induce irreducible characters of N,(V) (resp. N,(V)) to G 
(resp. G) we must determine the conjugacy classes of elements of NJ V) and 
N,(V) and also fusion information similar to that in Table IV for F and i? 
In what follows we let C and N, respectively, denote C,(V) and N,(V), 
respectively, and as usual let C and fl denote their inverse images in G. 
LEMMA 10.1. C,(V)=VxSandC,(V)=~xS whereS=Sz(8)and 
FE Q,, the quaternion group of order 8. 
Proof. By 6.7 the involutions in V all lift to elements of order 4 in G so 
v has -1 as its unique involution and so must be isomorphic to QB. By 3.6 
C&‘)/V= Sz(8) and N - C has an element t of order 3 which acts 
faithfully on V and as a field automorphism on Sz(8). Since the Schur 
multiplier of Sz(8) is Z, x Z, by a result [7] of Alperin and Gorenstein, 
either C is isomorphic to V x Sz(8) or C’ = C in which case C is a perfect 
central extension of I’ by Sz(8). In the latter case, C would be a perfect 
extension of v- Q, by Sz(8) so if v E V”, then C,(U) would be a perfect 
central extension of (6) N Z, by Sz(8) contradicting the above result on the 
multiplier of Sz(8). Consequently, C = V x S, where S = C’ 2: Sz(8), as 
claimed. It follows that S = C’ = N” is characteristic in N with N/S N 
(V, t) N A,. Next, S is isomorphic either to Z(G) x S or to a proper 2-fold 
covering of Sz(8). However, a proper 2-fold covering of Sz(8) has no outer 
automorphisms whereas an element i of order 3 in fl- C acts as an outer 
automorphism on S so S= Z(G) x S, where S = F N Sz(8) as before. Since 
C is a central product of v and s it follows that c = r x S, as claimed. We 
observe that S = S’ = c” = ,,, is characteristic in R with N/S 1: (v, 0 N 
X,(3), as X,(3) is the unique (up to isomorphism) proper 2-fold covering 
of A,. 
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Using the character table of Sz(8) in Appendix 2 to [8] it is easy to write 
down the conjugacy classes of elements of C = V X S and then those of C = 
v x S. Then, using the fact that t E N - C acts faithfully on V and as a field 
automorphism on S, it is easy to write down the conjugacy classes of 
elements of N = (C, t) and fl= (C, 0. Except for the elements of orders 4 
and 12 in N it is obvious which conjugacy class in G any element of N 
belongs to. The inner product of the permutation character of G on the 
cosets of N with the principal character of G turns out to be an integer if, 
and only if, every element of order 4 in C - S is either in the class labelled 
4, or the class labelled 4, in Table II. Then, the inner product with itself of 
the permutation character of G on the cosets of N turns out to be an integer 
if, and only if, the elements of order 4 in C - S are all in the class labelled 
4,. the elements of order 4 in S are all in the class labelled 4,, while the 
elements of order 12 in N are all in the class labelled 12,) completing all the 
fusion information needed for computing induced characters from N to G. 
All classes in S split in d as do all those in N - C while the classes in C - S 
all fuse in 6. The restriction to S of the character 0 of degree 28 of d is just 
twice one of the two irreducible characters of degree 14 of Sz(8) from which 
it follows that the members of one of the two classes of elements of order 4 
in S are negatives in G of the members of the other class of elements of 
order 4 in S and the same is true of the elements of order 12 in the coset St 
and also in the coset St-‘. This completes all the fusion information needed 
for computing induced characters from fl to 6. For our purposes here it will 
suffice to induce up to d only those characters of N which are constant on 
S, i.e., the characters of g/S = X,(3). These induced characters are 
included with the fusion information given in Table V below. In the table l,, 
wh;, 3,, 2,-, and 2w,- denote irreducible characters of J/S N S&(3), with l,v 
denoting the principal character, wN denoting a one-dimensional character 
faithful on (t), 3, denoting the irreducible character of degree three, while 2,v 
and 2w,-, respectively, denote real and nonreal faithful irreducible characters 
of degree two of &L,(3), respectively. In the table, the symbol * indicates 
that the value of the induced character on that class has already been given 
earlier, while the symbol 8 indicates that the value of the induced character 
is 0 because the class fuses in G. 
11. THE FAITHFUL IRREDUCIBLE CHARACTERS OF G 
At this point we have enough information to determine the remaining 
faithful irreducible characters of 6. First, w,* T G has f,:,,,, and ~,,,,, as 
components and R2988,6 = w,~ T G - f,308 -i1,,556 is a compound character 
such that (R,,,,,,] = (122988,6, k2988,6) = 2 so that ri*,,,,, consists of two new 
irreducible components and since v(Iz,,,,,, ) = -2 these irreducibles are real 
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valued but not afforded by any real representation of e. We observed in 
Section 9 that a compound character with exactly two irreducible 
components can be extracted from one of the Schur modules of 8 for n = 5. 
Specifically, such a compound character can be extracted from 0’*‘2]. Rather 
than computing 0 12’31 by the formula for the character of a Schur module we 
use the identity 80t1”1 = t9t”r + 0[2131 so that @z131 = 8x20475 -&8280. Then 
ef2131 - f3276 is a compound character 12471744 such that lR47,744] = 2, 
v(~?~,r,~~)= -2, and (R471744, R,,,,,,)= 1 so that 12471744 consists of two 
irreducible components both of which are real valued but not afforded by 
any real representation of G and one of which is also a component of 
1 
K298816’ Next, v3,,,, T G has both &,,,, and &,,, as components and 
v/300 T G - ~98280 - ?98280 is a compound character R102,440 whose inner 
products with itself, R2988,h, and 12471744, respectively, are 10, 2, and 4, 
respectively. Using the fact that 12298816 and R47,744 have an irreducible 
component in common we conclude that this common component appears 
with multiplicity 2 in R1021440 as does the other irreducible component of 
A 
K~,,,~~. Therefore, R102,440 - 2~,,,,,, is a compound character i?,,,,, such 
that ]rl,,,,,l = 2 and v(R,,~~~) = 0 so that R,,,,, consists of two new 
irreducible components which are either complex conjugates (as R,,,,, is real 
valued) or both real valued with only one afforded by a real representation 
of 6. Next, w325 T G has i3276 as a component so that v325 T G -i,,,, is a 
compound character R1316224 whose inner products with itself, R298816, 
,. 
Ic471744? and ‘77952, respectively, are 16, 4, 5, and 1, respectively. We 
conclude that the common irreducible component of R2988,6 and 12471744 
. 1 appears in ~~~~~~~~ with multiplicity 3 while the remaining components 
appear with multiplicities 1 and 2, respectively. Consequently, 
I* 
lc1316224 - 2K471744 - k298816 is a compound character I?,,,,, such that 
Iti 73920] = 2, ~(k,,,,,) = -1, and (rZ,,,,,, I&~) = 1 so that I?,,,,, consists of 
two irreducible components one of which is not real valued and one of which 
is a component of Iz,,,,,. 
Next, if 2wa denotes a faithful irreducible character of Z,(3) ‘Y I/S, and 
the corresponding character of fl, which is not real valued, then the induced 
character 2w,-T G given in Table V above is a compound character whose 
inner products with itself, R2988,6, R47,744, 1277952, I? ,,,,, and r?73920, respec- 
tively, are 8, 2, 3, 2, 2, and 2, respectively. We conclude that the common 
,. 
component K298816 and <471744 appears in 20.1,-T G with multiplicity 2, while 
the remaining components of R,,,,,, and R47,744 appear in 20,T G with 
multiplicites 0 and 1, respectively, while each component of fi77952, 1273920, 
and ‘73920 appears in 2w,-T G exactly once. Therefore, we can form 
compound characters R,,,,,, = 2w,- T G - I?~,,,~~ - k,,,,, and K289536 = 
20,-T 6 - 12471744 - ‘73920, both of which consist of exactly two irreducible 
components and each of which has the common irreducible component of 
,. 
K298816 and $471744 as a component as well as one of the components of 
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1 K,&. It follows that R285504 + K*298536 - R,,,,, is just twice the common 
component of R,,,,,, and R47,744. Thus we obtain a new irreducible 
character x125o56o = (f,,,,,, + K*28g536 - f 73920)/2 and additional irreducibles 
x148*56=~29**16-x1250560~ f2211*4=R471744 - A A 1 a x250560, x34944=lc285504 -x250560, 
238976 = ‘289536 - 2250560 and 238976. 
Next, if 2, denotes the real valued faithful irreducible character of 
SL,(3) N g/S, and the corresponding character of N, then the induced 
character 2RT 6, given in Table V above, has &8256, f250560, and ~22,184 as 
components with multiplicities 2, 2, and 1, respectively, so 2Rj G - 
212 98816 - f221184 is a compound character Iz,,,,, such that IrZ,,,,,I = 2 and 
~(12~~~~~) = -2 so that R,,,,, consists of two real valued irreducible 
characters which are not afforded by any real representations of e. Since 
1 
lc16384 i F' = 4v4096 it is easy to see that the restriction to F of each 
irreducible component of r?,,,,, must be 2y/,,,, so that the irreducible 
components of 1216384 both have degree 8 192. It is then easy to see that these 
two irreducible components iBig and RArg2 are both equal to R,,,,,/2 on all 
classes of elements of 6 except on elements of order 29 where the values are 
(-1 kfl)/2 on the respective characters and classes of elements of order 
29 of 6. 
Next, ‘Ysz Te has f98280 and li,,,,, as components and wsz T d - ,. x 
x98280 -x98280 is a compound character R,,,,, such that 112,,,,,/ = 2 and 
r(R,,,,,) = 0 so that Iz,,,,, has two irreducible components which are either 
complex conjugates (as li-,,,,, is real valued) or both real valued but only 
one of which is afforded by a real representation of e. Since ti,,,,, 1 F = 
2(w52 + w 14o4 + w1728 + v40g6) following the ideas in Section 8 we see that 
the basic 2-combinations in R,,,,, 1 F’ are @, = I,u,, + v,4o4 + I+Y,,~~ and 
@2 = ‘y4096. Therefore, the irreducible component of C,,,,, of degree at most 
14560/2 = 7280 must have one of @,, G2, or @, + Q2 as its restriction to 
F’ while the other irreducible component of rZ,,,,, must have @, + Q2 + Q2, 
@i + @i + 02, or @i + Q2 as its restriction to F’. Since only the last of 
these possibilities has degree dividing the order of 6, the two irreducible 
components of rl,,,,, both have @i + G2 as their restrictions to F’ and thus 
both have degree 7280. It is then easy to determine the restrictions of these 
components to F and then to all of d and they turn out to be complex 
conjugates with 2,,,, = f,,,,, = (R,,,,,)/2 on all classes of elements of G 
except the elements of order 20 not represented in F where the values are 
ifi for one of the classes and its negative cube class for f,,,, and the 
complex conjugate value -i fi on these same classes for 2,,,,, . 
Finally, VI248 T e has each one of 24032, 24,332, f38976, and ,?389,6 as a 
component with multiplicity 1, each one of R98280, &8280, R876g6, and f25o56o 
as a component of multiplicity 6, and 222,,84 as a component of multiplicity 
8 and subtracting off all these components we obtain a compound character 
A 
~~~~~ such that lR24961 = 2 and v(R~~~~) = 0 so that R,,,, consists of two 
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irreducible components which are either complex conjugates (as R,,,, is real 
valued) or both real valued but only one of which is afforded by a real 
representation of G. Since R,,,, 1 F’ = 2~~~~s both of the irreducible 
components of R,,,, have w1248 as their restrictions to F’ and so have degree 
1248. It is then easy to see that the irreducible components of R2496 are 
1 complex conjugates and that x1248 = 2,,,, = (R2496 )/2 except on elements of 
order 24 where the values are i fi on a class and its negative seventh power 
for f,248 and the complex conjugate value -i fi on these same classes for 
* 
x1248’ 
The faithful irreducible characters of d encountered above include all the 
faithful irreducible characters of d and they are tabulated in Appendix 6 
which follows. 
12. THE IRREDUCIBLE CHARACTERS OF G 
In order to determine the irreducible characters of G we use products of 
the irreducible characters 19 and g of degree 28 of G with certain other 
faithful irreducible characters of G and also characters induced from 
irreducible characters of the subgroups F = G, and N = NG( V) of G. 
We observed in Sections 2 and 5, respectively that vi T G = rt = 
XI +x783 +x3276 and +T G=n*=X406+X3654’ Also v;JG= 
x783 +x81432 +x27405 while d7 T G =x378 +x406 + %08836, where lC108836 is a 
compound character such that ~~~~~~~~~ = v@c,08836) = 2 so that ~~~~~~~ 
consists of two new irreducible characters afforded by real representations of 
G. This compound character has already been encountered in Section 9 
where it was called a and was obtained as a = f?i4032 - rc*. 
The character w52 of F has v(v/~J = -1 and thus has Schur index 2 over 
the real numbers. Consequently, if w is any character of F afforded by a real 
representation of F, then (wsz, w) must be a nonnegative even integer 
(possibly 0). In particular, if x is an irreducible character of G afforded by a 
real representation, then (IJ/~~, x 1 F) is an even integer and by Frobenius 
reciprocity (ws2 T F, x) is the same even integer. Since v(ws2 T G) = 2, 
v/S2 T G must have at least two irreducible components afforded by real 
representations and each of these has even multiplicity. Since ( vs2 T GI = 4 it 
is clear that ws2 T G is just twice an irreducible character of G afforded by a 
real representation. Thus x1o556o = (ws2 T G)/2 is a new irreducible character 
of G. 
Next, JB272801 = l&,2801 = 2 and both @7280 and &,,,, have x,oss6o as an 
irreducible component so ~7280 - x,o56o is a new irreducible character xv828o 
which is not equal to its real algebraic conjugate x;8280 = &7280 -x,o556o. 
Two more new real algebraically conjugate characters appear as simple 
products x3 4944 = x1248 and xi4944 = -i,248. l9^ e 
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We also observed in Section 9 that x378j378 -x, -x,83 is a compound 
character IC~~~,~,, (there called /I) consisting of two irreducible components 
afforded by real representations of G. Since (K,,,~~~~, ~~~~~~~ = 0 our two 
compound characters have no common irreducible component. If we let w,% 
denote one of the two nonreal irreducible characters of A, N N/S and also 
the corresponding character of N, then the induced character w, T G has 
lo,TGI=v(o,T G)=6 and so consists of six distinct irreducible 
components each of which is afforded by a real representation of G. Three of 
these irreducible components are x23751, x2740s, and x,,,5560 and two others 
are the irreducible components of ~~~~~~~ sinc,e (UJ~ T G, ~~~~~~~~ = 2. Conse- 
quently, wN T G -x23751 -x27405 - x1,,5560 - Sinai,-,,, is a new irreducible 
character x,18784. Then 8fs192 has~~i~,~~ as a component and B2s,92 -~~,s,~~ 
is a new irreducible character x, 10592 as is its real algebraic conjugate 
x110592 = 0 fh92 -x118784’ 
Next, x37sx3654 is a compound character such that Ix378x36541 = 
vti378x3654) = 16 so that x378x3654 consists of 16 distinct irreducible 
components each of which is afforded by a real representation of G. Eleven 
of these irreducible components are x 27405, x71253, x81432, x91350, x95004, 
x105560, x98280 3 X~8280 9 X118784, x110592, and &OS92 and since 
01378x3654, K142100 ) = 2 two more are the two irreducible components of 
~~~~~~~~ Thus, subtracting from x378x3654 the compound character ~~~~~~~ and 
the above 11 irreducible components we obtain a compound character 
~~~~~~~ consisting of three irreducible components afforded by real represen- 
tations of G. If we let 1, denote the principal character of N, the induced 
(permutation) character 1, T G has 11, T GI = V( l,$, T G) = 10 and thus 
consists of ten distinct irreducible components each of which is afforded by a 
real representation of G. Among these irreducible components are six known 
irreducibles XI) x3276, x20475) x27405, x34944, and xi4944 and since 
(1, T G, K 230580) = 3, three more are the irreducible components of ~~~~~~~~ 
Thus, subtracting from 1, T G the compound character lc230580 and the above 
six irreducible components we obtain a new irreducible character x65975. 
Since (K142100? x65975 
charact?r= ’ 
we see that ~~~~~~~ -x65975 is yet another new 
irreducible x76125’ Next, d8 T G-x783 -x81432 -x71253 - 
x23751 -x76125 ls a new irreducible character x63336’ Since 
(K 108836? x63336) = ’ we see that K108836 -x63336 is a new irreducible character 
X45500’ Then v78 TG - x95004 - x105560 - x63336 is yet another new irreducible 
character x5278o. Furthermore, since ~~~~~~~~~ x5278o) = 1 we see that 
K230580 -x52780 is a compound character ~~~~~~~ consisting of only two 
irreducible components. We obtain yet another irreducible character by 
observing that ( wsoo T GI = v(w300 T G) = 14 and that eleven of its 
irreducible components are x 71253, x95004, x91350, xlOS560, x98280, h8280, 
x118784, x110592? x;,O592, x6S975 and x5278o while two more are the two 
irreducible components of ~~~~~~~ since (I,u~~~ T G, ~~~~~~~~ = 2, so subtracting 
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IC~,,~~~ and the above eleven irreducible components from w3,-,,, T G we get 
x21750. 
Next, if 3, denotes the faithful irreducible character of A, N N/S and also 
the corresponding character of N, then the induced character 3, T G has 
x82432 as an irreducible component twice and each of x783, x71253, x2i405, 
xlOS560, x98280, xi82803 x34944, xi49447 x118784, x110592, dlOS92, and x65975 as 
components only once. Subtracting these known components from 3, T G we 
obtain a compound character rc212544 such that lrc2,2544/ = v(K*,~~~~) = 6 so 
that K212544 consists of six distinct irreducible characters which are all new 
because (K177800,~212544)=0* Now ‘/‘;;I T G has x27405 and xl05560 as 
irreducible components twice each and x 3276, x23751, x81432, x98280, d8280, 
x34944, xi49447 x118784, x110592, d10592, x65975, and x63336 as components only 
once each. Subtracting all these known components from I&;, T G we obtain 
a compound character ~~~~~~~ consisting of seven distinct irreducibles. Since 
(K 314944, ~~~~~~~~ = 6 we see that ~~~~~~~ - lc2,2544 is a new irreducible 
character x102400' Then K177800-x102400 is another new irreducible character 
x7s4oo. At this point we have found 30 of the 36 irreducible characters of G, 
the remaining six being the irreducible components of x2,2544. 
Before preceeding any further we need a classic result on characters. 
LEMMA 12.1. Let x be a character of a group G, x an element of order n 
of G and C be a primitive nth root of unity. Then x(x) is an element of Q(C), 
the extension field of the rational numbers Q generated by the nth roots of 
unity. Furthermore, x(x) is a rational integer if, and only if, x is constant on 
the generators of the cyclic group (x). 
Proox Let p be a representation of G affording the character x. Since 
x” = 1, p(x)” =p(x”) =p(l) = I so the eigenvalues of p(x) are nth roots of 
unity and since their sum is x(x) it is in Q(c) as claimed. Let Gal, be the 
Galois group of Q(C) over Q. Then x(x) is a rational integer if, and only if, 
x(x) is fixed by every element of Gal,. Since each element u of Gal, acts on 
Q(c) by raising C to a power m = m(o) where m is relatively prime to n, 
x(x)a is the sum of the mth powers of the eigenvalues of p(x). But the mth 
powers of the eigenvalues of p(x) are the eigenvalues of p(x)” = p(x”) so this 
sum is simply x(x”‘). It follows that x(x) is in Q and thus a rational integer 
if, and only if, x is constant on the generators of (x) as claimed. We observe 
that the function x” defined by x”(x) = x( x (T is a character of G, namely, the ) 
character of the representation obtained from p by applying the element c of 
Gal,, . 
COROLLARY 12.2. The generators of (x) are all conjugate in G if, and 
only if, x(x) is a rational integer for every character x of G. 
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It is now fairly easy to split lc2,2544 into a sum of two compound 
characters each of which consists of three irreducible components. Since an 
element u of order 7 is conjugate in G to all other generators of (u) it is 
clear that x(u) is an integer for every character x of G. Then the sum of the 
squares of the character values on u taken over all the irreducible characters 
of G must be IC,(u)l = 2*7 = 28. Since the thirty known irreducible 
characters of G account for only 25, the values of three of the six unknown 
characters on u must be fl while the values of the other three unknown 
characters on u must all be 0. Since K 2,2544(~) = 3 the three nonzero values 
must all be +l. Taking the inner product of the vector of character values on 
u with the vectors of character values on each of the other conjugacy classes 
of elements of G we must obtain 0 which enables us to determine the sum of 
the three unknown characters having value 1 on u as a compound character 
K81000e Then K131544=K212544 - '8100 is the sum of the three remaining 
unknown characters. 
For p = 7 and for p = 13 G has three conjugacy classes of elements of 
order n = 2p but only one conjugacy class of cyclic subgroups of order 
n = 2p. Specifically, if x is an element of order n = 2p of G, then x, x3, and 
x9 = (x3)” are three elements of (x) which are not conjugate in G. It follows 
from 12.2 that there must be a character x of G such that x(x) is irrational. 
Since a primitive nth root of unity here is simply the negative of a primitive 
pth root of unity we see that Gal, = Gal, and henceforth we let c denote a 
primitive pth root of unity. In any case, x(x), x(x”) and x(x’) are cyclically 
permuted by an element u of Gal, which sends c to c3 and u also cyclically 
permutes the three distinct characters x, x”, and x0* which we refer to as p- 
conjugate characters. We observe that the character x cannot be irrational on 
elements of order n = 2p for both p = 7 and i = 13 as then (Gal,, Gal,,) 
would generate nine distinct images of x contradicting our observation that 
only six irreducible characters of G remain to be accounted for. Since the 30 
known irreducible characters of G are constant on (x), the 6 unknown 
characters must consist of the three 7conjugate characters and the three 13- 
conjugate characters described above. Furthermore, x must be a component 
either of lc81000 or of lc,31544, and since both of these compound characters 
are rational integer valued the one containing x must also contain its p- 
conjugates x“ and x”‘. Since both compound characters consist of exactly 
three irreducible components x +x” + x0’ must be one of ~~~~~~ or IC,~,,,,. 
Since x, x” and x0’ all have the same degree, this degree must be either 
27000 = 81000/3 or 43848 = 131544/3. In particular, one of lcglooo and 
~~~~~~~ is a sum of three 7-conjugate characters while the other is a sum of 
three 13conjugate characters. Since 43848 is a multiple of 7 an irreducible 
character of that degree must have value 0 on any element of order a 
multiple of 7 and thus cannot be irrational on elements of order 14. 
Therefore K~ ,ooo must be a sum of three 7-conjugate characters of degree 
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27000 each while x1H544 must be a sum of three 13-conjugate characters of 
degree 43848 each. Now ~2700,, = &,,O,, = x&,00 = (IC~~~~,,)/~ except on 
e$e;;~; of order !4 where x~,~,,~(x~) = -1 - 2 a ori=1,3and9withai= i f 
where q 1s a primitive 7th root of unity and the values on xi of the 
conjugatk of x 27,,,,0 are obtained by applying the elements u and u* of Gal, 
where vu= q3. Simi1arly, x43848 =x43848 =X43g48=(K131544)/3 except on 
elements of order 26, where x43848(xi) = 1 + 2pi for i = 1, 3 and 9 with pi = 
ri + ySi + r-5i + r-i, where { is a primitive 13th root of unity and the values 
on xi of the conjugates of x43848 are obtained by applying the elements CJ and 
u2 of Gal,, where To = r3. This completes the determination of the 
irreducible characters of G, which are tabulated in Appendix 5, together with 
the faithful irreducible characters of e (Appendix 6). 
(See next page for Appendices.) 
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APPENDIX 5: IRREDUCIBLE CHARACTERS OF G 
1 
2, 
22 
3, 
4, 
4, 
4, 
4, 
5, 
5, 
6, 
1, 
8, 
8, 
83 
‘0, 
‘0, 
12, 
12, 
13, 
‘4, 
14, 
14, 
‘5, 
‘6, 
‘62 
20, 
2% 
2% 
24, 
24, 
2% 
2% 
2% 
29, 
29, 
2j43’5’7. 13. 29 1 
2143. 5 
2’5. 7. 13 
243’5 
2’O 2, 
2’3 . 5 2, 
29 2, 
2’3 . 5 2, 
2’53 
223. 52 
243 
221 
2b 
25 
2’3 
2’5 
225 
233 
2=3 
2213 
2’7 
2’7 
2ll 
3.5 
24 
24 
225 
225 
225 
2’3 
2’3 
2213 
2213 
2*13 
2,3, 
4, 
4, 
4, 
2,5, 
2,5, 
423, 
443, 
2,7, 
2,7, 
227, 
3,5* 
8, 
8, 
425, 
445, 
445, 
8x3, 
833, 
2,13, 
2,131 
2,13, 
29 
29 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
783 
15 
-1 
0 
-1 
15 
-1 
15 
8 
3 
0 
-1 
3 
-1 
3 
0 
-1 
0 
0 
3 
-1 
-1 
-1 
0 
1 
1 
0 
0 
0 
0 
0 
-1 
-1 
-1 
0 
0 
3276 406 3654 378 378 
76 22 70 -6 -6 
0 -14 14 14 14 
9 1 9 0 0 
4 -2 6 22 
16 10 -2 6 6 
8 2 -2 -2 -2 
4 -10 -10 -6 -6 
1 6 4 3 3 
-4 1 -1 3 3 
1 1 1 0 0 
0 0 0 0 0 
0 -2 2 -2 -2 
2 0 2 0 0 
2 -4 -2 0 0 
1 2 0 -1 -1 
0 1 -1 -1 -1 
1 1 1 0 0 
1 -1 -1 0 0 
0 3 1 1 1 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
-1 1 -1 0 0 
0 0 0 2i -2i 
0 0 0 -2i 2i 
1 0 -2 1 1 
-1 0 0 -1 -1 
-1 0 0 -1 -1 
-1 -1 1 0 0 
-1 -1 1 0 0 
0 -1 1 1 1 
0 -1 1 1 1 
0 -1 1 1 1 
-1 0 0 1 1 
-1 0 0 1 1 
20475 
-5 
91 
9 
-5 
-5 
-5 
-5 
0 
5 
1 
0 
3 
-1 
-1 
0 
1 
1 
1 
0 
0 
0 
0 
-1 
-1 
-1 
0 
0 
0 
-1 
-1 
0 
0 
0 
7125% 
-171 
-91 
/’ 
P: 
21 
5 
2-l 
:: 
2 
0 
0 
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APPENDIX 5-Continued 
1 32 4 27405 
'24 141 
-104 105 
0 0 
-8 5 
24 9 
-8 1 
24 21 
7 5 
-3 0 
0 0 
1 0 
0 -3 
0 -1 
0 3 
-1 1 
1 0 
0 0 
0 0 
0 1 
1 0 
1 0 
1 0 
0 0 
0 -1 
0 -1 
-1 -I 
-1 1 
-1 1 
0 0 
0 0 
0 1 
0 1 
0 1 
0 0 
0 0 
23751 
71 
91 
-9 
-1 
11 
3 
-1 
1 
1 
-1 
0 
3 
1 
1 
1 
1 
-1 
-1 
0 
0 
0 
0 
1 
-1 
-1 
1 
-1 
-1 
1 
1 
0 
0 
0 
0 
0 
91350 
-170 
-14 
9 
-2 
10 
2 
-10 
0 
5 
1 
0 
-2 
0 
4 
0 
1 
1 
-1 
-1 
0 
0 
0 
-1 
0 
0 
0 
0 
0 
1 
1 
-1 
-1 
-1 
0 
0 
95004 105560 98280 
-100 88 -24 
0 0 0 
-9 -10 0 
4 -8 8 
8 -40 -24 
0 8 -8 
-20 0 0 
4 10 5 
4 0 0 
-1 -2 0 
0 0 0 
0 0 0 
2 0 0 
2 0 0 
0 -2 1 
0 0 0 
-1 2 0 
1 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 0 0 
0 0 0 
-2 0 1 
0 0 Js 
0 0 4 
-1 0 0 
-1 0 0 
0 0 0 
0 0 0 
0 0 0 
0 
0 
0 
0 
-1 
-1 
98280 
-24 
0 
0 
8 
-24 
-8 
0 
5 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-$ 
0 
0 
0 
0 
0 
-1 
-1 
34944 
128 
0 
6 
0 
0 
0 
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